Let n be an even integer not divisible by 3 . Suppose that p = n2+n+l is a prime and 2"+1 = 1 (mod p) . The question is asked whether this can only occur if « is a power of 2 . It is noted that an affirmative answer to this question implies that a finite projective plane with a flag transitive collineation group is Desarguesian.
Introduction
Let n be an even natural number such that p = n2 + n + 1 is a prime. The following additional hypotheses about n will be considered.
HI. d"+ = 1 (mod p) for every divisor d of n .
H2. « + 1=0 (mod 3) and 2n+l = 1 (mod p).
H3. n = 0 (mod 8) and (H2) is satisfied.
If (HI) is satisfied then nn+ = 1 (mod p). Thus 3 | (n + 1) since n has order 3 modulo p and so (H2) is satisfied.
If k is a natural number not divisible by 3 then a primitive cube root of unity is a root of x + x + I, thus (x + x + 1) | (x + x + 1). Hence if Ik k q = m + am + 1 is a prime for some integer m > I then k is a power of 3 .
In particular, if m ^ 3 is a prime then m = 1 (mod q) and the order of m modulo q is a power of 3 and so is relatively prime to m . Hence mm + = 1 (mod q). Thus if m = 2 and n = m then (HI) is satisfied. It is not known whether there are infinitely many primes of this form. Section 3 contains some numerical results in this connection. The following questions for / = 1,2,3 are related to the converse of this statement.
Question I. If (HI) is satisfied is n necessarily a power of 2 ?
If Question 2 has an affirmative answer then so do Questions 1 and 3. If Question 2 or 3 is to have an affirmative answer then the condition «+1=0 (mod 3) (which is equivalent to the condition n ^ 0 (mod 3)) is essential.
Otherwise for instance n = 24 provides a counter example. Here p = 601 and 225 = 1 (mod p).
I have verified that Questions 2 and 3 have an affirmative answer for n < 14,400,008 (and p < 207,360,244,800,073). This was done on a PC so that it should not be difficult to check the results for much larger values of n . These questions may be of independent interest. In fact one could consider analogues of Question 1 without assuming that n is even. However in the form above they arise naturally in the study of finite projective planes.
A finite projective plane is said to be flag transitive if its collineation group is transitive on the set of flags (incident point-line pairs). It has been conjectured that a finite flag transitive projective plane is necessarily Desarguesian. The following result is relevant to this conjecture.
Theorem A. Let n be a finite flag transitive projective plane of order n which is not Desarguesian. Then p = n + n + 1 is a prime, n = 0 (mod 8), n is not a power of 2 and (HI) is satisfied.
Corollary. If Question 3 has an affirmative answer then every finite flag transitive projective plane is Desarguesian.
In view of the remarks above, Theorem A implies that a finite nonDesarguesian flag transitive projective plane has order n > 14,400,008 .
The proof of Theorem A is quite short. However it is, amongst other things, based on a result of W. Kantor [4] which depends not only on the classification of the finite simple groups, but also on a detailed knowledge of all their maximal subgroups of odd index.
The proof of Theorem A
Throughout this section % is a finite flag transitive non-Desarguesian projective plane, G is the collineation group of n. Thus there are n + 1 points on each line and n + n + 1 points in n. By [4] , Theorem A, n is even, p = n +«+1 is a prime and G is a Frobenius group of order p(n + I). In particular, n is a cyclic plane. Thus if D is the subgroup of F* of order n + 1 then D is a difference set modulo p . Furthermore, n and D determine each other up to isomorphism. See e.g. [3] , Chapter 11. Proof. As (H2) is satisfied, 2 has odd order and so is a quadratic residue modulo p. Thus p = ±1 (mod 8) and so n = 0 or 2 (mod 8). Hence it suffices to show that n ^ 2 (mod 8). This result is known [5] , [6] , but we include a short proof here.
Let C be a primitive p' root of unity and let a = X C • Then aa = n d€D as D is a difference set with \D\ = n + I . Let K = Q(a) C Q(Q . Then [K : Q] = n and a is the trace of Ç from Q(f ) to K. As K c Q(Q, 2 is not ramified in A'. As 2"+ = 1 (modp), 2 has residue class degree 1 in n K. Therefore (2) = np., where {pt} is a set of n distinct prime ideals of K .
As aa = n = 2n0 with «0 odd, it follows that exactly one of each pair p( ,p; divides (a). Therefore a + ä^0(modpi) for each z". As 2 has residue class degree 1, this implies that a+á+1 = 0(modp() for each i and so a+á+1 = 0 (mod 2). The coefficient of 1 in a + a + 1 is odd and a + ä + 1 is the sum of 2(n + 1) + 1 p' roots of unity. Any set of p -1 p' roots of unity forms an integral basis in Q(Ç). Therefore 2(n + 1) + 1 > p -1 = n(n + 1). Hence « < 2 contrary to assumption. D Proof of Theorem A. In view of Lemmas 2.1 and 2.2 it suffices to show that n is not a power of 2. Suppose on the contrary that n = 2 .
A result of Gordon, Mills and Welch, see [2] or [1] , p. 89, implies that D consists of all the powers of 2 modulo p . Thus 2 has order n + 1 modulo p .
Since 23k = n3 = 1 (mod p) this yields that 2k + 1 = n + 1 < 3/c . Hence k < 3 and so k = 1 or 3 . Thus n = 2 or 8 . In these cases let DQ be a difference set corresponding to the Desarguesian plane of order n . By the multiplier theorem D0 can be chosen to consist of all the powers of 2 modulo p . Hence D = D0 and so n is Desarguesian contrary to assumption. □
Some numerical results
For an integer / > 0 let v (f ) = n + n + 1 , where n = 2 with k = 3 .It is not known whether there are infinitely many values of / for which v(f) is a prime. 
